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APPLYING ONE-DIMENSIONAL DIFFERENTIAL TRANSFORM

METHOD TO PARTIAL DIFFERENTIAL EQUATIONS
Hnin Ei Phyu?
Abstract
In this paper, definitions of one-dimensional differential transform (reduced differential transform)
and inverse differential transform are described. And then, properties of one-dimensional
differential transform are expressed. After that, one-dimensional differential transform is utilized
to solve the initial value problems for linear one-dimensional partial differential equations with
constant coefficients and variable coefficients. Finally, one-dimensional differential transform is
applied to solve the initial value problems for two-dimensional second-order partial differential
equations.
Keywords: partial differential equations, one-dimensional differential transform, applications
Introduction

This paper is a continuation of our previous work [Hnin and Khin, 2023]. In [Hnin and
Khin, 2023], the one-dimensional differential transform method was used for solving initial value
problems for ordinary differential equations with constant coefficients and variable coefficients.
Differential transform method can be used for solving initial value problems for differential
equations and integral equations. In this paper, we are interested in solving one-dimensional and
two-dimensional second-order partial differential equations by using a one-dimensional
differential transform method.

The rest of this paper is organized as follows: In Section 2, basic concepts of one-
dimensional differential transforms are recalled. The main results are demonstrated in Section 3
and Section 4 respectively by solving the initial value problems for one-dimensional partial
differential equations and two-dimensional partial differential equations using one-dimensional
differential transform method.

Preliminaries

In this section, the definitions of one-dimensional differential transform and its properties

are described.
Definition 1[Raslan, Biswas and Abu Sheer, 2012]
If u(x,t) is analytic and differentiable continuously in the domain of interest, then let

um%{%u(x,t)} , )

where the spectrum U, (X) is the transformed function, which is called T-function.

Definition 2 [Raslan, Biswas and Abu Sheer, 2012]
Differential inverse transform of U, (x) is defined as follows:

U0, = YU, (0 (t- )" @)

Substitution (1) into (2), we obtain
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When (t,) are taken as (t, = 0), then (3) is expressed as

and (1) is shown as

u(x,t)ziuk(x)t".

In real application, the function u(x,t) by a finite series of (4) can be written as

u(x,t):zn:Uk(x)tk,

usually, the value of n is decided by convergence of the series coefficients.

Some Properties of One-Dimensional Differential Transform
Theorem 1 [Khatib, (2016)]

(3)

(4)

Q)

If z(x,t)=au(x,t)+pv(X,t), the differential transform of z(x,t) be Z (x), then

Z,(x)=aU,(x)+BV,(x), where o and 3 are constants.
Proof: Let z(X,t) =au(x,t)+pBVv(X,t). Then,

10"
Z (x)= E{ﬁ z(x, t)}

= i ;;tkk (ccu(x,t)+p v(x, t))l_0

t=0

o~ o~
=—__¥ (au(x,t)) +¥(BV(><, t))l_0

_of o Bl
"kl o ”(X’t)L ’ k!{@t" V(X’t)}

=a U, (X)+BV,(x).
Therefore, Z, (X) =a U, (X)+BV,(X).
Theorem 2 [Khatib, (2016)]

t=0

If z(x,t):ﬁiu(x,t), and the differential transform of z(x,t)

X

Z,X) = 2-U, (%)

be Z, (x),

then
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Proof: Let z(x,t) :aa—xu(x,t). Then, we have

2,00 = (f 2( t)}

t=0

1] 8¢ o
4 _ﬁ (& u(x, t))}

t=0

ol 1/(o )
7{@@“‘*"))1_0

0
=—U, (X).
U
0
Therefore, Z (x)_ U  (X). 0

Theorem 3 [Khatib, (2016)]
2
If z(x,t):%u(x,t), and the differential transform of z(x,t) be Z (x), then

Z (x)_ az 5> U (X).

2
Proof: Let z(x,t) :%u(x,t). Then, we have
X

ak

Zk(x):_ a K

z(x, t)}

t=0
B 1]
= kl

( u(X t))}

t=0

| 1/( 6
—h—ﬂ
82

=~ U, )

2

Therefore, Z (x)_ 0 > U (X). O

Theorem 4 [Khatib, (2016)]

If z(x,t)=2t—mu(x,t),and the differential transform of z(x,t) be Z,(x), then

(k+m)

z ( )_ k+m(x)-

m

Proof: Let z(x,t) :;—mu(x,t). Then, we have
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Zk(x):% skz(x t)}
1] o (om
kel 1 t))}

_ (k+m)! {ak““ U(X’t)}

KI(K+m)!| ot
K+m
( k ) k+m()
I
Therefore, Z,(X) = (kT(:n)' em (X). O

Theorem 5 (Leibniz’s theorem)

If y=uv, where u and v are any functions of x, then

y.,=uv+"Cu .v,+"Cu, ,V,+..+"Cu Vv +..+uv,, where, suffixes of u and v denote

the number of times they are differentiated.
Proof: [See, Kishan, 2007]. O

Theorem 6 [Khatib, (2016)]
If z(x,t)=u(x,t)v(x,t), and the differential transform of z(x,t) be Z (x), then

Z,(x)= U, (0Vy ().

Proof: Let z(x,t) =u(x,t)v(x,t). Then,

Z,(x)=—~ s—k z(x, t)}

= ki _(%kk (u(x, t) v(x, t))l_0 :

Now, Leibnitz’s theorem for partial derivatives of function of several variables

(u(x t)v(x,1)) = Z{ jst—rru(x t) -

|
|

— V(X,1).
Then, we get
Z,(x)= |:Z(

1
r'(k—r)'

k—r

6tk—r

k) o

v(X,t)

k—r

—V(x,1)

k

ZE (x,1)

r=0

t=0

= Z Ur (X) Vk—r (X)
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k
Therefore, Z,(x) =Y U, (X)V,_, (X). O

r=0

Now we can extend definitions and theorems of differential transform and inverse
differential transform for solving two-dimensional heat and wave equations.
Definition 3

If u(x,y,t) is analytic and differentiable continuously in the domain of interest, then let

uk(x,y)=%{%u(x,y,t)} , (6)

where the spectrum U, (X,y) is the transformed function, which is called T-function.
Definition 4
Differential inverse transform of U, (x,y) is defined as follows:

(Y. = 3 Uy () (E- 1) )
Substitution (6) into (7), we obtain

i{aku(x,y,t)}

u(x,y,t) = (t-tp)". (8)

=t,

oo k! ot

When (t,) are taken as (t, =0), then (8) is expressed as

= 1] dfu(x,y,t) .
U(X,y, ) Z_|: t )
kit

and (6) is shown as
u(x,y,) = U, ()t ©
k=0

In real application, the function u(x,y,t) by a finite series of (9) can be written as

UxY =Y U9, (10)

usually, the value of n is decided by convergence of the series coefficients.
Theorem 7
If z(x,y,t) =au(x,y,t)+Bv(x,y,t), then Z (X,y)=a U, (X,y)+BV,.(X,y), where o

and B are constants.

Proof: Let z(x,y,t)=au(X,y,t)+pBv(X,y,t) and the differential transform of z(x,y,t) be
Z,(X,y). Then,
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-

Zk(x,y)z— EZ(X y,t)L

_1 %(au(x,y,t)ﬂi v(x,y,t))}

:i. ak (u(x,y, t))+ (Bv(x Y, t))}

_ald p| ot

=1l Z Uy, t)L + k'{@tk v(X.Y, t)}
:aUk(X,y)+BVk(X,Y)-

Therefore, Z, (X,y) =a U, (X,y) + BV, (X, y).

Theorem 8

t=0

0 0
If z(x,y,t)=6—xu(x,y,t), then Zk(x,y)=a—XUk(x,y).

Proof: Let z(x,y,t) ZS—Xu(x,y, t), and the differential transform of z(x,y,t) be Z, (x,y). Then,

1] 8
Z.(X,y) = ﬁz(x,y, t)}
) t=0

_1a
k!

(—U(X Ys t))}

L t=0

1( o 0
{mﬂ umm}z—uuw

Therefore, Z,(X,y) = S—X U, (x,y).

Theorem 9

If z(x,y,t)=%u(x,y,t), then Zk(x,y)=%Uk(x,y).

Proof: Let z(x,y,t) =%u(x,y, t), and the differential transform of z(x,y,t) be Z,(X,y). Then,

1] 8
Z,(x,Y) 1 ﬁz(x,y, t)}
) t=0

_1le
k! att

@mmwﬂ

- £l Suonn] |
0

=@UK(X,Y)-
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Therefore, Z, (X,y) = iU (X Y).
oy

Theorem 10

2 2

If z(x, y,t)_ﬁ—u(x y.t), then Z, (x,y) = 8 — U, (X,y).

2

Proof: Let z(x,y,t):%u(x,y,t), and the differential transform of z(x,y,t) be Z, (x,y).
Then,

Z,(%,y) = st(x y, t)}

_ije @
k! at* tox?

u(x,y, t))}

t=0

Y [_(iku( y’t))}

82
82U(><y)

2

Therefore, Z, (X,y) = 8 — U (X,y).
Theorem 11
2 2

If z(x, y,t)_aTu(x y,t), then Z, (X,y) = ay U, (x,y).

2

Proof: Let z(x,y,t):(;a—yzu(x,y,t), and the differential transform of z(x,y,t) be Z, (x,y).

Then,

1] o6
Zk(X,Y)=E EZ(X,Y, t)}
" t=0
1]

(a u(x, y,t»}

o
k1| ot*

1( & )
=a—yz[mat e y’t)J}
62

ayz U (X, y).

2

Therefore, Z, (X,y) = 8y U, (x,y).
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Theorem 12

m I
If Z(X,y,t)=gt—mu(x,y,t) ,then Z, (X, y) = (kLm)'

Uk-¢-m (X’ y) '

m

Proof: Let z(x,y,t):gt—mu(x,y,t) and the differential transform of z(x,y,t) be Z, (x,y).
Then,

1 o
Zk (X!y) = _Z(X Y, t):|
at o

1] & (a’“

ki ot Hex, y’t)d
_(k+m)t [ o
~ k!(k+m)!| ot
 (k+m)!
Y

u(x,y, t)}

t=0

Uk+m (X! y)

(k+m)!
k!

Therefore, Z,(X,y) = U..(X,y).

Theorem 13
k
If z(x,y,t) =u(x,y, ) V(X,y, 1), then Z, (x,y) = D U, (X, Y)V,_, (X, V).

r=0

Proof: Let z(X,y,t) =u(X,y,t)v(X,y,t) and the differential transform of z(x,y,t) be Z, (X,y).

Then, we have

1] o
Zk(x,y)=— —z(X, y,t)}
ot -

1] o
= E_W (U(X! y! t) V(X! yl t)):|t 0'

Now, Leibnitz’s theorem for partial derivatives of function of several variables
k-r

%(u(x,y,t)v(x,y,t»:rZL J—u(x V) S VX YD)

Then, we get

Z (X,y)= Zk:( k) 8 t) - vV(X,y,t)

kA k! :oL 6tkr - t=0
I"(k—l')'l:r OE LY. =0 ot VoD t—0:|

=ZU,(x,y)Vk_r(x,y)-
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k
Therefore, Z, (x,y) =Y U (X,Y)V,_.(X,Y). O

r=0
Solving Initial VValue Problems for One-Dimensional Partial Differential Equations
In this section, initial value problems for one-dimensional heat equations and wave
equations are solved by using one-dimensional differential transform method.
Example 1
We consider the one-dimensional heat equation with variable coefficients as

2

ut(x,t)+%uxx(x,t) =0, (11)
and the initial condition

u(x,0) = x?, (12)
where u=u(x,t) isa function of the variables x and t.

Taking differential transform of (11),

x* 6
(K+1) Uy (9 = === U (%), (13)
using the initial condition (12),
U, (x) = x°. (14)

Substitution (14) into (13) and using the recurrence relation,

2 2 2 2

X X X X
U,(x)=—x> U,(X)==—, U,X)=—"—, U,(X)==—, U, (X)=——,
() 0=" 0= U)=2r, Ust)=—
2
X2 X—, kiseven,
UX)=—, ..., U X)=
(= =1 5
e kisodd.

Finally, the differential inverse transform of U, (x) gives: u(x,t) = Z U, (x)t*.
k=0

Then, the exact solution is
u(x,t) = x%".
Example 2
We consider the one-dimensional heat equation with variable coefficients as

2

ut(x,t)—X?uxx(x,t)—Zux(x,t) —0, (15)

and the initial condition
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u(x,0) = x?, (16)

where u=u(x,t) is a function of the variables x and t.

Taking differential transform of (15),

x? 0? 0
(K+D Uy 1) == U, 00 +2— U (%), (17)
using the initial condition (16),
U, (x) = X2 (18)
Substitution (18) into (17) and using the recurrence relation,
2 2 2
Ul(X):XZ +4X, Uz(x)zw, Us(x)zw, UA(X):w,
2 6 24
X*+4x+8 X* +4x+8 X*+4x+8
UuxX)=————, U X)=————, ... U X)=—.
=" U= (="

Finally, the differential inverse transform of U, (x) gives:

© 0 k
u(x, 1) = > U ()t = (2 +4x+8)2%.
k=0 k=0 ™=

Then, the exact solution is

u(x,t) = (x> +4x +8)e'.

Example 3

We consider the linear Klein-Gordon equation in the form

U, (X, t) —u, (X, t)—u(x,t) =0, (19)

and the initial conditions

u(x,0) =1+cosx,u,(x,0) =0, (20)

where u=u(x,t) isa function of the variables x and t.

Taking differential transform of (19),

2

(k+1)(k+2)Uk+z(X)=%UK(X)+UK(X), (21)

using the initial condition (20),

U,(x) =1+cosx, U, (x) =0. (22)
Substitution (22) into (21) and using the recurrence relation,
U, (x)=0,k=135,....

By applying the k values are k=2,4,6,...,
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U0=2 U0=20 Ug =,

1
3 = ] oy U =
2 24 <) k!

Finally, the differential inverse transform of U, (x) gives:
u(x,t) = Z‘) U, (X)t* = (1+cosx) +(E+E+ﬁ+'”)'
Then, the exact solution is u(x,t) = cosx +cosht.

Example 4

We consider the one-dimensional wave equation with variable coefficients as

2

un(x,t)+%uxx (x,) =0, (23)
and the initial conditions

u(x,0) = x,u,(x,0) = x?, (24)
where u=u(x,t) isa function of the variables x and t.

Taking differential transform of (23),

x* o
(k+1)(k+2) Uy, () === —5 Uy (), (25)
using the initial condition (24),
U, (X) = X, U, (X) = X2, (26)

Substitution (26) into (25) and using the recurrence relation,
U, (X)=0, k=2,4,6,....

By applying the k values are k=1,3,5,...,

2 2 2

X X X
U3(X):—€, US(X):@, U7(X):—5040, ..

X2
(_1)kﬁ , k=3,711,...,
U (x) = .2

(—1)“%, k=5,913,....

Finally, the differential inverse transform of U, (x) gives:

* ( t3 t5 t7 tk\
— k _ A
u(x,t)—éouk(x)t =X+X Lt TR 7!+"'+_k!J'

Then, the exact solution is
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u(x,t) =x+x’sint.
Example 5

We consider the one-dimensional wave equation with variable coefficients as
2

Uy (%,8) =5 U (X, 1) =, (%) =0
and the initial conditions
u(x,0) =1, u,(x,0) = x>,
where u=u(x,t) is a function of the variables x and t.
Taking differential transform of (27),

x? & 0
k+Dk+2)U, ,(x)= P U, (X) T U, (%),

using the initial condition (28),
U,(X) =1, U, (x) = x°.
Substitution (30) into (29) and using the recurrence relation,
U, (X)=0,k=246,....

By applying the k values are k=1,3,5,...,

X% +2X X2 42X +2 X2 4+2X+2
U.(X) = U (X)) =——— U.(X)=————, ...,
2(X) 5 5(X) 120 ,(X) 5040

X2+ 2x+2

Finally, the differential inverse transform of U, (x) gives:

u(x,t) = > U (X)tk—1+(X2+2X+2)(t+ﬁ+£+—7+ +£\
’ _kzz(; R SETRTRE TR,

Then, the exact solution is

u(x,t) =1+ (x* +2x +2)sinht.

Solving Initial VValue Problems for Two-Dimensional Partial Differential Equations

J. Myanmar Acad. Arts Sci. 2023 Vol. XXI1. No.2

(27)

(28)

(29)

(30)

In this section, initial value problems for two-dimensional heat equations and wave

equations are solved by using one-dimensional differential transform method.
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Example 6
We consider the two-dimensional heat equation with variable coefficients as

2

y* X
ut(X’ Y, t) _?uxx(xl Y, t) _?uyy(x’ \ t) = 0!

and the initial condition
u(x,y,0) = x?,
where u=u(x,t) is a function of the variables x and t.

Taking differential transform of (31),

2 2 2 2

0 X° 0
(4 DU (0Y) = 725 U (0) + 525 U, (x0),

using the initial condition (32),
Uy (x,y) =X

Substitution (34) into (33) and using the recurrence relation,

2 2 2 2

X X
U6 =Y Up0y) =70 Us(y) =2, U,(6y) = 2o Us(ay) =20

2
, kiseven,

e Uy =1

2 2

Us(X,y) = =0 , U (xy) = 5040

Finally, the differential inverse transform of U, (x,y) gives:
© k

u(x,y,t) = ZU xyti=x* > — t i %

k024k k=1

Then, the exact solution is

2 4 3 5

u(x,y,t) = x>+

2 31 5!

Example 7
We consider the two-dimensional heat equation with variable coefficients as

2 2

u, (X, y,t)+y?uxx(x y,t)+ u, (XY, ) +u, (X y,t)+u,(xYy,1) =0,

and the initial condition
u(x,y,0)=y?,
where u=u(x,t) is a function of the variables x and t.

Taking differential transform of (35),

tl+21 +.)+Y? (t+t +t +...) =x*cosht+y’sinht.

221

(31)

(32)

(33)

(34)

(35)

(36)
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y2 82 X2 82
(kDU (0Y) == 5 5 Ul y) =5 25 Uixy) - U y)—@u (Y,
using the initial condition (36),
Uy (x,y) =y~

Substitution (38) into (37) and using the recurrence relation,

Z42X+2 X242y +2
U, (X, y) =—(x*+2y), Uz(X1y):yT’ US(X’y):_(Ty)’
Y2+ 2X+2 X?+2y+2 y? +2x+2
uxy)=————, U.X)=—(———), U = ...,
A(X,Y) 4 5(X)=—( 120 ), Us(x) 720
2
W, kiseven,
U.(x,y)= , .
_W' Kisodd.

Finally, the differential inverse transform of U, (x,y) gives:

© o 4k o 4k
u(x,y,t) = > U (x,y)t* = (y? +2x+2)2%—(x2 +2y+2)ztk—
k=0 k=0 "™+ k=0

Then, the exact solution is

t* t ot
u(x,y,t) =(y* +2x+2) (1+— +4 ) - (X +2y+2) (t+ !+5|+ ..
= (y* +2x+2)cosht —(x* + 2y + 2)sinh .
Example 8
We consider the two-dimensional wave equation with constant coefficients as
Uy (X, Y, ) —u, (X Y 1) —uy (X, Y, ) —u(X,y, 1) =0,
and the initial conditions
u(x,y,0) =1+cosx,u,(x,0) =0,
where u=u(x,t) is a function of the variables x and t.

Taking differential transform of (39),

o ol
(k+D(k+2)U,,,(x, y)— U y)+—— Y 7 U (X, y)+ U (X, y),
using the initial condition (40),
U,(X,y) =1+cosx, U,(x,y) =0.

Substitution (42) into (41) and using the recurrence relation,

(37)

(38)

(39)

(40)

(41)

(42)
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U, (x,y)=0, k=135,....
By applying the k values are k=2,4,6,...,

UZ(X’y):E’ UA(X!y):ﬂ! 6(X y) 720 ey Uk(xyy)zﬁ.

Finally, the differential inverse transform of U, (x) gives:

© t2 4 tG
j— k — _—
U(X, Y, 1) =D U, (X, y)t* = (L+cosx) +( TRPTRATRE ..

Then, the exact solution is
u(x,y,t) =cosx+cosht.

Example 9

We consider the two-dimensional wave equation with variable coefficients as
2 2

Uy (%Y, 1) =5 U (XY, 1) - —u w (XY, 1) =0, (43)
and the initial conditions
u(x,y,0)=x" u(x,y,0)=y", (44)
where u=u(x,t) isa function of the variables x and t.
Taking differential transform of (43),

2 2 2 2

X2 y° o
(k+1)(k+2)Uk+z(XyY)— > o U, (X, y)+128y U, (X, y), (45)

using the initial condition (44),
U (%, y) =x*, U (x,y) =y". (46)

Substitution (46) into (45) and using the recurrence relation,

X4 y4 X4 y4
U X; =" U X1 =" U X’ =Aq U X’ =Tan
M) =7 Usloy) =T Uaboy) = Uiy =5

4

4 F’
e 720" POy kisodd

kiseven,

Finally, the differential inverse transform of U, (x,y) gives:

0

U YD = XU =xt D Ukt +y* 3 Ut

k=0,2,4 k=1,3,5

Then, the exact solution is
2 4 3 5

ot ot
u(x,y,t)=x (1+2|+4|+ )+y* (t+3|+5'+ .) =x*cosht+y*sinht.
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Conclusion
In this paper, we have studied one-dimensional and two-dimensional heat and wave
equations with the help of differential transform method. The differential transform method has
been successful, applied for solving linear and homogeneous partial differential equations with
constant coefficients and variable coefficients. We conclude that differential transform method
can be extended to solve many partial differential equations with constant coefficients and
variable coefficients which arise in physical and engineering applications.
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